Stiffness reduction simulation in laminates with intralaminar cracks is usually performed assuming that cracks are equidistant and crack density is the only parameter needed. However, the crack distribution in the damaged layer is very nonuniform, especially in the initial stage of multiple cracking. In this article, the earlier developed model for general symmetric laminates is generalized to account for non-uniform crack distribution. This model, in which the normalized average crack-opening and crack-sliding displacements are the main characteristics of the crack, is used to calculate the axial modulus of cross-ply laminates with cracks in internal and surface layers. In parametric analysis, the crack-opening displacement and crack-sliding displacement are calculated using finite element method, considering the smallest versus the average crack spacing ratio as non-uniformity parameter. It is shown that assuming uniform distribution, we obtain lower bond to elastic modulus. A 'double-periodic' approach presented to calculate the crack-opening displacement of a crack in a non-uniform case as the average of two solutions for periodic crack systems is very accurate for cracks in internal layers of cross-ply laminates, whereas for high crack density in surface layers, it underestimates the modulus reduction.
Introduction
Intralaminar cracking in laminates is the most typical mode of damage in laminates. Initiation, evolution and effect of these cracks on laminate stiffness has been discussed in many papers, see for example review papers. 1, 2 Intralaminar cracks (called also matrix cracks, transverse cracks, inclined cracks, etc.) are orthogonal to the laminate midplane, they run parallel to fibres in the layer, usually cover the whole thickness and width of the layer in the specimen.
In the presence of cracks, the average stress in the damaged layer is lower than that in the same layer of the undamaged laminate. The average stress between two cracks depends on the distance between them (normalized spacing). Usually, the extent of cracking (number of cracks and distance between them) is characterized in an average sense by average crack spacing and crack density (cracks/mm). Most of the existing stiffness models, for example, Lundmark and Varna, 3 Hashin, 4 Talreja 5 and Kashtalyan and Soutis 6 use this term. It is convenient to use and is expected to give sufficient accuracy. However, the crack distribution in the layer may be highly non-uniform as schematically shown in Figure 1 . This is more pronounced in the beginning of the cracking process when the average crack density is relatively low. At high crack density close to saturation, the cracks are more equidistant. The reason is the random distribution of transverse failure properties along the transverse direction of the layer. At low crack density, the stress distribution between two existing cracks has a large plateau region and any position there is a site of possible failure. At high crack density, there is a distinct maximum in the stress distribution and a new crack most likely will be created in the middle between existing cracks.
The discussion in this study is focused on the possible inaccuracy introduced in laminate stiffness prediction using assumption of uniform spacing between cracks in a layer. Numerical results presented here are for two cases: (a) when the system of cracks is 'noninteractive' in average (low crack density), but some cracks are close to each other and interact and (b) the crack density is high and cracks interact 'in average'.
There are only a few studies where the effect of nonuniformity is addressed, see for example McCartney and Schoeppner, 7 Silberschmidt 8 and Vinogradov and Hashin. 9 In McCartney and Schoeppner, 7 hypothesis was introduced that for a non-uniformly cracked laminate, the deformation field in the 'element' between two neighbouring ply cracks separated by a distance l k is identical to that in a uniformly cracked laminate where the crack spacing is l k . Then, for example, the axial strain of the whole representative volume element (RVE) can be calculated by the 'rule of mixtures' of average strains of 'elements' leading to simple expressions for RVE axial modulus. The high accuracy of this approach was demonstrated in McCartney and Schoeppner 7 comparing results with another high-accuracy, semi-analytical methodology applied to the RVE. This assumption is reexamined in this article analysing crack-opening displacements (CODs) of both crack faces and showing that the average stress in the 'element' on one side, where the distance to the next crack is smaller, is overestimated by this assumption, whereas on the other side it is underestimated. In the study of Silberschmidt 8 and Vinogradov and Hashin, 9 the nonuniform damage evolution is analysed in a probabilistic way, not discussing the effect of non-uniform distribution on stiffness.
The reduced average transverse stress and in-plane shear stress in the damaged layer are responsible for laminate stiffness changes. The average stress change between two cracks is proportional to the COD and crack-sliding displacement (CSD) normalized with far-field stress. 10, 11 The far-field stress at the given load is calculated using classical laminate theory (CLT). Therefore, the damaged laminate stiffness can also be expressed in terms of density of cracks and two parameters: average COD and CSD as done in the GLOB-LOC model. 3, 12 These two rather robust parameters depend on the normalized distance to neighbouring cracks. Therefore, for non-uniform crack distribution, they are different for each individual crack. The values of COD and CSD in the commonly assumed uniform crack distribution case correspond to average spacing between cracks and are different than the calculated average over CODs and CSDs of all individual cracks.
In this article, we first generalize the previously developed expressions for stiffness reduction in symmetric laminates (GLOB-LOC model 3 ) for non-uniform spacing case. Then, parametric analysis of the effect of geometrical non-uniformity in terms of COD and the laminate axial modulus will be performed for particular cases of 90m=0n ½ s and 0n=90m ½ s cross-ply laminates with cracks in 90-layers. Cases when sliding displacement CSD affects the stiffness are included in the stiffness expressions in 'Stiffness model' section, but they are not numerically analysed in this article. Extreme layer thickness ratios and different material anisotropy levels comparing carbon fibre (CF) and glass fibre (GF) composites will be discussed. To simplify stiffness calculations for an arbitrary non-uniform distribution, routine allowing determination of CODs for any crack as a sum of solutions for two periodic systems of cracks will be formulated and its accuracy discussed (one solution is for periodic system with spacing as on the 'þ' side of the crack and another one for a periodic system with spacing as on the 'À' side of the crack, see Figure 1 ).
Material model of damaged symmetric laminates with intralaminar cracks Distances between cracks
We consider RVE of a layer with M cracks as shown in Figure 1 . The RVE length is L, the average distance between cracks (spacing) is l av , the crack density is
Stress state between two cracks in a layer, see Figure 1 where the cracked layer is shown in its local coordinates, and also the opening and sliding displacements of crack faces depend on the normalized distance between cracks. Normalization is with respect to the layer thickness t
Index k, used in following sections to identify kth layer in the laminate, is omitted here for simplicity. Crack with index m has two neighbours located at different distances l mÀ1 and l m from this crack. Using notation u 2an ,u 1an for the average normalized COD and CSD defined by equations (25) to (27), we can write for the mth crack
If l m 4 l mÀ1 , the displacements on the 'À' side will be larger than on the 'þ' side.
If the part of the layer shown in Figure 1 is smaller than the RVE, the methodology of this article can still be applied, but the unknown displacements of the outmost to the left (m ¼ 1) and the outmost to the right (m ¼ M) positioned cracks are affecting the calculated homogenized stiffness. The uncertainty is because COD and CSD of these two cracks depend on the distance to the next cracks, not shown in Figure 1 , or, in other words, on boundary conditions. The uncertainty is avoided if the shown distribution is considered as 'repeating super-element' with M cracks in it. In this case, symmetry conditions can be applied on x ¼ 0 and x ¼ L. To model this periodic structure, we have to assume l 0 ¼ l M .
Stiffness model
The upper part of symmetric N-layer laminate with intralaminar cracks is shown in Figure 2 . The kth layer of the laminate has thickness t k , fibre orientation angle with respect to the global x-axis k and stiffness matrix Q ½ in the material symmetry axes, calculated from elastic constants E 1 , E 2 , G 12 , 12 . The total thickness of the laminate, h ¼ P N k¼1 t k . The crack density in a layer k is calculated using equation (1) where the average distance between cracks l k av is measured transverse to the fibre direction in the kth layer. Dimensionless crack density kn in the layer is introduced as
It is assumed that in the damaged state, the laminate is still symmetric; in other words, the crack density in corresponding symmetrically placed layers is the same.
The stiffness matrixes of the damaged, Q ½ LAM , and the undamaged laminates, Q ½ LAM 0 , are defined by the stress-strain relationships 
The compliance matrix of the undamaged laminate is
The expressions below for thermo-elastic constants of the damaged laminate with non-uniform crack distribution are derived in Appendixes 1 and 2 In equations (6), (7), and (8), the matrix function K ½ k for a layer with index k is defined as
The involved matrices T ½ k and Q Â Ã k are defined according to CLT, upper index T denotes transposed matrix and bar over stiffness matrix indicates that it is written in global coordinates. The influence of cracks in kth layer is represented by matrix U ½ k .
Elements of this matrix u 2an , u 1an are defined in Appendix 2. They are calculated, see equation (30), using normalized and averaged crack face opening (COD) and sliding displacements (CSD) of all cracks as affected by varying spacing between them
Index for layer k is omitted in equation (11) . Certainly, since u 2an , u 1an in kth layer depends also on neighbouring layer properties, they are different in different layers. The methodology used in appendices is exactly the same as in Lundmark and Varna. 3 The main difference is in Appendix 2 where the two crack faces of any crack may have different displacements due to non-uniformity. Appendix 1, which in a compact form, contains the same information as given in Lundmark and Varna 3 is included to ensure consistency of explanation.
Elastic modulus of balanced laminates with cracks in 90-layer
In case of balanced laminates with damage in 90-layers only, expressions for K ½ k and S ½ LAM have been obtained by calculating the matrix products in equations (6) to (9) analytically. For example, the obtained expression for laminate normalized axial modulus is
Index 90 is used to indicate 90-layer. The quantities with lower index x,y are laminate constants, quantities with additional upper index 0 are undamaged laminate constants and equation (11) has to be used to calculate u 90 2an . In the case of uniform crack distribution, all CODs in equation (11) are equal and equation (12) is just a different form of equation (31) in Lundmark and Varna, 3 leading to numerically identical results. In the following parametric analysis, we consider CODrelated properties only and validation is based on axial modulus. Therefore, shear modulus expression of the damaged laminate which is related to CSD only is not presented here.
Results and discussion

Formulation of calculation examples
The effect of the non-uniform crack distribution on u 90 2an was analysed using finite element method (FEM) for damaged 0 n =90 8 ½ S and 90 8 =0 n ½ S laminates (n ¼ 1,8) at fixed dimensionless crack density 90n , see Figure 3 where the repeating 'super-element' with two cracks is shown. Parameter K is introduced as the ratio to characterize the non-uniformity of the spatial distribution. This parameter has value 1 for uniform crack distribution. The average crack density, l av , was kept constant (two cracks over fixed distance
2 ) with average normalized spacing calculated according to equation (1) 
To cover large variation in elastic constants both CF/epoxy (EP) and GF/EP composites with constants given in Table 1 were analysed. All results are presented in terms of dimensionless crack spacing and crack density. Results depend on layer thickness ratio, not on absolute value of ply thickness.
For laminates with cracks in surface layers, staggered crack system, where the crack in the bottom layer is located in the middle between cracks in the top layer, could be analysed instead of symmetric damage state shown in Figure 3 . This case analysed in Nairn and Hu 13 is relevant when the failure analysis is deterministic and the small variation in stress state points on the locus of the next failure (always exactly in the middle between the two existing cracks). However, the strength (or the fracture toughness) is not one single value, but follows certain statistical distribution. The variation of failure properties along the 90-layer transverse direction is often much larger than the stress perturbation in the bottom layer of the laminate due to crack in the top layer. Therefore, the assumption of staggered cracks is as far from reality as the assumed symmetry of the damage with respect to the midplane used in this article. Starting with symmetric damage state in the stiffness analysis, we are trying to create a simple reference case. The interaction effects between systems of cracks in different layers have to be separately analysed. Otherwise, the number of parameters changing is too large to draw conclusions.
In all FE calculations, the commercial code ABAQUS was used. In order to model the left half of the 'super-element' (Figure 3 ), a 3D model was created. Three-dimensional (3D) continuum elements (C3D8) 8-node linear brick were used in order to mesh volumes. The same fine mesh with total number of elements 86,400 was used in each FE model. The (x, z) plane consisted of 21,600 elements, with refined mesh near the crack surfaces. In the ply with cracks, the number of elements in the thickness direction was 120. The number of elements in y-direction was four which, as described below, is more than sufficient for the used edge conditions. The problem was solved by applying to the right boundary x ¼ 0 of the model a given constant displacement in x-direction corresponding to 1% average strain and keeping at the left boundary u x ¼ 0. The top surface was free of tractions. On the front edge (y ¼ 0) and the edge y ¼ w, coupling conditions were applied for normal displacements (u y ¼ unknown constant). In this way, edge effects are avoided and the solution does not depend on y-coordinate. It corresponds to solution for an infinite structure in the width direction. Obviously, these conditions lead to generalized plane strain case and corresponding finite elements could be used obtaining the same results. The displacements in direction x for the nodes at the crack surface were used to calculate the average value of the crack face displacement COD.
All plies are considered to be transversally isotropic with E 2 ¼ E 3 , G 12 ¼ G 13 and 12 ¼ 13 .
In calculations, two values of the average normalized spacing were used: (a) l avn ¼ 10 corresponding to 90n ¼ 0:1 where the interaction between uniformly spaced cracks would be negligible and (b) l avn ¼ 2 corresponding to interactive crack region with crack density 90n ¼ 0:5.
Studying the effect of non-uniform distribution, the normalized spacing l 0n , see Figure 3 , was used as a parameter which was lower or equal to the average spacing. In case (a) l 0n 2 0:5; 10 ½ and in case (b) l 0n 2 0:5; 2 ½ . It is worth to remind here that at very high crack density (in the so-called crack saturation region), the normalized average spacing may be close to 1 (the distance between cracks is equal to the crack size (layer thickness)). Straight intralaminar cracks are almost never observed closer to each other than half of the cracked layer thickness.
COD parametric analysis at low crack density The 'þ' face of the crack has smaller displacements than the 'À'face, and the difference is larger when the l 0n is smaller than 1 (the neighbouring crack to the left is very close). The neighbour to the 'À' face is at larger distance than the average spacing and therefore the displacement profile is almost unaffected. For the same geometry, the CODs in CF composites are always significantly smaller. The displacements of both crack faces are significantly smaller when the relative thickness of the neighbouring layer is higher, Figure 5 . This effect is more pronounced for GF composite where the 0-layer versus 90-layer modulus ratio is not very large.
Using crack face displacements, the average normalized CODs u 90 2an are calculated by numerical integration using the expressions in Appendix 2. The obtained dependence on the non-uniformity parameter K is shown in Figure 6 . The average normalized COD is larger if the spacing is uniform. However, the effect is negligible for K 4 0:2 (l 0 4 2t 90 ). (t 0 is 0-layer thickness) are shown in Figures 7 and 8 . The trends are the same as for internal cracks, but the face displacements are larger, and the shape of the profile, especially on the non-interactive side, is different, not becoming vertical at outer surface, z n ¼ 1. Since the outer surface is not a symmetry surface, this result was expected.
The average normalized CODs, u 90 2an , are calculated as described in 'Internal cracks' section. The obtained dependence on the non-uniformity parameter K is shown in Figure 9 . The average normalized COD is smaller if the spacing is non-uniform. According to equation (12) , it will lead to smaller axial modulus reduction. For [90 8 
Approximate COD determination from periodic solutions
The average normalized COD u 2an of a crack in a layer with non-uniform crack distribution can be found considering separately the average normalized COD of the 'À' face of the crack and 'þ' of the crack in Figure 1 
In this section, the following hypothesis will be analysed The COD of ''À'' face depends on the distance to the closest neighbouring crack on the right only and can be calculated considering the region between these two cracks as a periodic element. The COD of the ''þ'' face is obtained in a similar manner, considering the region on the left as periodic element This 'double-periodic' approach with considering two periodic solutions states that
The two values, u pþ 2an and u pÀ 2an , are solutions of the two periodic models.
This hypothesis is equivalent to saying that in Figure 3 symmetry conditions on the plane x ¼ AEl 1 =2 can be applied. This would mean that even in the deformed state the line x ¼ AEl 1 =2 in the 0-layer remains straight. Unfortunately, there is no symmetry in Figure 3 and this line will be deformed. The accuracy of the symmetry condition used in the 'double-periodic' approach can be estimated only numerically. Hypothesis that the deviation can be neglected was used by Joffe et al. 11 in calculating the work to close the crack for fracture mechanics based damage growth analysis.
If the 'double-periodic' approach is accurate enough, the u 2an for any crack location with respect to other cracks could be calculated from a master curve for uniform crack distribution. This curve, which is the In order to check the accuracy and validity of the 'double-periodic' assumption, the u 2an for each value of non-uniformity parameter was calculated in two different ways: (a) directly applying FEM to the non-uniform geometry and (b) applying FEM two times and using equation (15) , first, for periodic distribution with spacing as on the left from the crack and, second, for periodic distribution with spacing as on the right of the crack.
From Figure 10 , where displacement profiles according to (a) and (b) are presented, we conclude that the trends in the double-periodic approach are described correctly, but the values of face displacements are not accurate. On the left face, where the interaction is strongest, the u pþ 2n is too small; but, on the right face, where the next crack is further away, u pÀ 2n is too large. It seems that this result questions the validity of used hypothesis at low crack density.
However, for stiffness predictions, the average of the COD of both faces, u p 2an , given by equation (15) is requested and not the value for each face separately. The values of u 2an and u p 2an can be compared using results presented in Tables 2 and 3 for all lay-ups, materials and non-uniformity parameter values. A very good agreement between values exists for all cases which validates the use of the 'double-periodic' hypothesis.
The validity of enforcing symmetry in positions like Figure 3 is the basic assumption also in McCartney and Schoeppner. 7 In this article, we have shown, see Figure 10 , that it can lead to noticeable inaccuracy in the displacement of each crack face. However, the average COD of the crack presented in Tables 2 and 3 is very accurate. Since the COD values of the 'double-periodic' approach coincide with exact values when the spacing is uniform, the accuracy increases with higher values of the non-uniformity parameter. To understand the real boundary conditions at x ¼ AEl 1 =2, the intralaminar shear stress, xz , distribution in this cross-section along z-coordinate was calculated using FEM for different values of non-uniformity parameter K. For example, for GF/EP [0/90] s laminate with 90n ¼ 0:1 and 1% applied strain, the xz in 0-layer at a distance from the crack tip equal to 10% of the 0-layer thickness changes from 0 to 3.8 to 33 MPa when the non-uniformity parameter changes from 1 to 0.5 to 0.05 showing that the boundary conditions are noticeably violated only for high non-uniformity (low value of parameter K). The effect is stronger for cracks in surface layers.
Rephrasing the above in terms of average stresses and strains between two cracks calculated using similar assumption in McCartney and Schoeppner, 7 the accuracy in each element is reduced at high non-uniformity, but the average values and the total values calculated in this way have, as shown in McCartney and Schoeppner, 7 very high accuracy.
Elastic modulus prediction and validation with FEM
The effect of the non-uniform crack distribution on axial modulus of cross-ply laminates is shown in Figure 11 for GF/EP laminates and in Figure 12 for CF/EP laminates. All results are for the same normalized crack density 90n ¼ 0:1. The normalized axial modulus of the laminate is calculated in three different ways as follows.
(a) Calculating the average applied stress using FEM and using definition of E x . (b) Applying equation (12) and using for u obtained from 'double-periodic' approach presented in Tables 2 and 3 . The elastic modulus of the RVE with two non-equidistant cracks directly calculated from force (FEM) and the applied average strain (notation FEM in Figure 11 ) is equal to that calculated using equation (12) with u 2an input from the same FEM solution. Since equation (12) is an exact analytical expression, this result was expected and some numerical discrepancy is possible only if the elastic modulus of the RVE is calculated with a different mesh than the u 2an . Since these two calculations always lead to coinciding results, only one of them (called FEM) is shown in the following figures.
On other side, FEM values practically coincide with the ones where the 'double-periodic' approach is used, proving the accuracy and potential of this approach for simulation of systems with multiple non-uniformly spaced cracks.
For the used crack density and all investigated materials and lay-ups, the axial modulus reduction is the highest if cracks have uniform distribution. For the reasons described in 'Introduction' section, the experimental crack distribution at crack density 90n ¼ 0:1 is expected to be rather non-uniform and the axial modulus is higher than predicted by models based on periodic crack distribution. The normalized axial modulus value at the highest considered non-uniformity (K ¼ 0.05) and at uniform distribution (K ¼ 1) are given in Table 4 . The axial modulus of laminates with relatively thick damaged layers is more sensitive to non-uniform crack distribution: the highest value is 1.077 for GF/EP composite with lay-up [90 8 
The non-uniform distribution of internal cracks does not affect laminate modulus if the non-uniformity parameter K 4 0:2. For laminates with cracks in surface layers, the corresponding value is between 0.3 and 0.5. Note that K values given here are the same as the values when the non-uniformity stops to affect the average normalized COD. Similar calculations, as described above, were performed for higher crack density 90n ¼ 0:5. Results are presented in Table 4 and in Figures 13 and 14 . Due to limitations for minimum possible spacing, the range of the considered non-uniformity in calculations is narrower. Nevertheless, the effect of non-uniform distribution is even larger than at low crack density. In contrast to low crack density case, there is no plateau region in Figures 13 and 14 . The 'double-periodic' approach at high crack density is still highly accurate Figure 13 . Effect of non-uniform crack distribution on axial modulus of GF/EP cross-ply laminates with normalized crack density 90n ¼ 0:5. for internal cracks. For surface cracks with high nonuniformity, this approach underestimates the modulus reduction.
From 'Stiffness model' section, it follows that all elastic constants of the cross-ply laminate except the shear modulus can be analysed using the calculated u 2an . As shown in McCartney and Schoeppner, 7 the reduction of all properties in damaged laminate is linked and the same accuracy and trends as demonstrated for axial modulus apply for other constants. The shear modulus in our formulation depends on sliding displacements which have to be studied separately.
Calculations were also performed for CF/EP [0/90 2 ] s laminate with non-uniformly distributed cracks in the 90-layer analysed by McCartney and Schoeppner. 7 The used unidirectional composite properties are . The third crack is embedded in between these two and the distance to the closest crack 2L 1 ¼ 0:1 mm. Using our terminology, the average spacing in the RVE is 0.5 mm and the non-uniformity parameter K ¼ 0:2. Elastic modulus of the RVE in McCartney and Schoeppner 7 was calculated using left rectangular approximation method (LRAM) and subdividing each layer in seven to eight sub-layers. In the analytical model which is based on similar assumptions as our 'double-periodic' model, each layer was subdivided into five to eight layers of equal thickness. Their results are compared with our results (FEM for the RVE and the 'double-periodic' model) in Table 5 . Our FEM results and LRAM results for E x of the RVE are almost coinciding (our mesh had 120 elements in each layer in the thickness direction). In addition, also the xy and the axial thermal expansion coefficient were calculated and for the latter the difference is slightly larger. Analytical expressions for these constants of the damaged cross-ply laminate one can find in Loukil et al. 14 The results of the analytical method 7 and the 'double-periodic' approach are very similar. In all cases, they give slightly lower values than the values obtained by FEM or LRAM. Since our values are slightly higher, the accuracy is slightly better than for the analytical model. 7 We believe that the accuracy of results in McCartney and Schoeppner 7 could be improved by sub-division of layers in more sub-layers. Another observation from McCartney and Schoeppner 7 is that even in the case when the third crack is exactly in the middle, between the two cracks, the results of LRAM and the analytical model 7 slightly differ. It can be explained only by different sub-divisions in sub-layers in both methods which has affected the accuracy.
Conclusions
Earlier developed model for elastic properties of damaged symmetric laminates was generalized for the case when the intralaminar crack distribution is nonuniform, and due to interactions, each crack may have different opening (COD) and sliding (CSD) displacements. These displacements and the number of cracks per unit length in the layer are governing the laminate properties reduction. The obtained analytical expressions for elastic constants are exact.
This model was applied to cross-ply laminates with cracks in 90-layers located in the middle or on the surface. The dependence of the damaged cross-ply laminate axial modulus (it depends on COD only) on the non-uniformity parameter in a repeating element containing two cracks was numerically analysed. The non-uniformity parameter is defined as the ratio of the smallest and the average spacing between cracks. COD values needed as an input in the model were calculated using FEM in generalized plane strain formulation and stiffness calculations were performed for GF/EP as well as CF/EP laminates with low and also high crack densities.
The trend is the same for all crack densities and layups: assuming uniform crack distribution, the damaged laminate modulus is underestimated.
An approximate 'double-periodic' approach was proposed stating that the COD of a crack with different distances to the closest neighbours can be calculated as the average of two solutions for equidistant cracks. It was numerically shown for cross-ply laminates that in internal layers very accurate COD values for cracks with non-uniform spacing and elastic modulus values can be obtained using this approach. For cracks in surface layers, this approach is accurate only for low crack densities. The applicability of the 'double-periodic' approach to sliding displacement of non-uniformly distributed cracks has not been investigated.
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In equation (16) , the volume average is calculated expressing the integral over the laminate volume as a sum of volume integrals over N layers. Upper index a is used to indicate volume averages. Using Hook's law and averaging it over a layer, we have for averages the same form as for arbitrary point (16) and using the relationship between volume averaged strain in a layer and the displacements applied to external and internal boundaries 15, 16 (19), we obtain, after arranging the result in the form of equation (5), the form of stiffness matrix of the damaged laminate given by equation (6) .
Appendix 2
Incorporation of COD and CSD in Valulenko-Kachanov tensor in local coordinates
We consider a RVE of a layer with M cracks. Schematic picture of a non-uniform crack distribution with varying spacing between cracks, l m , m ¼ 0,1,2. . . M is shown in Figure 1 . Index denoting kth layer is omitted to simplify explanation. The cracked layer is considered in its local coordinates with indexes 1, 2 and 3 corresponding to longitudinal, transverse and thickness directions. For transverse cracks, the coordinates of the normal vector to the two faces of crack surface are
